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The Euler-Catalan Identity 
DON RAWLINGS 
The enumeration of permutations by descents, major index, inversion number, and certain three 
letter patterns leads to a multivariable recurrence relationship which simultaneously contains 
generalizations of both the Catalan and Eulerian numbers. 
1. INTRODUCTION 
The problem of enumerating permutations that avoid a given set of three letter patterns 
has been considered by a number of authors. The preliminary results may be found in the 
work of Knuth [8]. If a 213 pattern of a permutation (1 in the symmetric group Sn on 
{I, 2, ... , n} is defined to be an ordered triple (i,j, k) that satisfies the properties 
(a) 1 ~ i < j < k ~ n, 
(1) 
(b) (1(j) < (1(i) < (1 (k), 
then, as Knuth indicates (vol. 1 of [8], pp. 238-239 and 531-533), the number of (1 E Sn with 
no 213 patterns is equal to the Catalan number Cn of order n. This fact together with 
Knuth's comments on p. 64 of [8, vol. 3] imply that if one analogously defines a T pattern 
for every T E S3, then the same result holds, that is, 
Cn = # {(1 E Sn: (1 avoids T} (2) 
where # A is used to denote the cardinality of a set A. 
The next result of this type was discovered by Rotem [11]. He showed that the set of 
(1 E Sn which do not have either 231 or 312 patterns has cardinality 2n -1. And, finally, the 
definitive solution to the problem is to be found in a recent paper by Simion and Schmidt 
[12]. Given any set A s; S3, they have determined the number of permutations in Sn which 
avoid A. 
In view of the preceding remarks, a natural question arises: Rather than avoiding 
patterns, is it possible to enumerate permutations by the number of patterns? The answer 
given in this paper is a qualified 'yes'. 
The reason for the qualification is that, rather than working with definition (1), it turns 
out to be much easier to deal with modified patterns defined as follows. A 213 pattern of 
(1 E Sn is defined to be an ordered triple (i, j, k) that satisfies the conditions 
(a) 1 ~ i < j < k ~ n, 
(b) (1(j) < (1(;) < (1 (k), (3) 
(c) (1(j) ~ (1(m) for i ~ m ~ k. 
A 312 pattern of (1 is similarly defined. Note that, as far as avoidance behavior is 
concerned, (1 E Sn avoids 213 (respectively 312) if and only if (1 avoids 213 (respectively 
312). The remainder of this paper will deal solely with the modified patterns 213 and 312. 
With this qualification, it turns out to be possible to enumerate permutations simul-
taneously by not only 213 and 312 patterns, but also by the classic permutation statistics 
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known as the descent number, the major index, and the inversion number which are defined 
in Section 2. (In fact, the inversion number greatly facilitates the counting of patterns.) The 
main result of this paper, a recurrence relationship for the just described five-variate 
distribution on SO' is given in identity (16). 
As will be demonstrated in Sections 5 and 6, identity (16) is remarkable in that it contains 
both several of the generalizations of the Catalan numbers studied in [3, 5] and generaliza-
tions of the Eulerian numbers given in [6, 10, 13]. For this reason, recurrence (16) is referred 
to as the Euler-Catalan identity. 
2. PRELIMINARY DEFINITIONS AND FACTS 
A permutation u E Sn will be regarded as the word u = u(l)u(2) ... u(n) obtained by 
juxtaposing the letters u(l), u(2), ... u(n). 
For u E Sn, the sets 
(a) D(u) 
(b) I(u) 
{k: I ~ k < n, u(k) > u(k + I)}, 
{(k, m): 1 ~ k < m ~ n, u(k) > u(m)} 
(4) 
are respectively referred to as the descent set and the inversion set of u. The five statistics 
under consideration in this paper, the descent number, major index, inversion number, and 
pattern statistics, are respectively defined by 
(a) d(u) = # D(u), 
(b) m(u) I k, 
kED(u) 
(c) i(u) # I(u), (5) 
(d) a(u) # {213 patterns of u}, 
(e) b(u) # {312 patterns of u}. 
For example, if u = 3624157 E S7 then d(u) = 2, m(u) = 6, i(u) = 8, a(u) = 8, and 
b(u) = 2. 
It will be convenient to view a permutation of a set A = {al < a2 < ... < an} as an 
ordered pair: For u E Sn, the symbol (u, A) will be used to denote the permutation of A 
defined by (u, A)(aJ = aj if and only if u(i) = j. 
A number of so-called q-identities will also be needed. The q-analog, q-factorial, and 
q-binomial coefficient of a non-negative integer n are respectively defined to be 
(a) (n)q = 1 + q + q2 + ... + qn-I, 
(b) (n)q! = (lM2)q . .. (n)q, (6) 
(c) (:)q 
(n)q! 
(k)q! (n - k)q!' 
As pointed out in [2, p. 35], the q-binomial coefficient of n is a polynomial in q of degree 
deg (:), ~ k(n - k). (7) 
A q-analog of the exponential function is defined as 
(8) 
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and the q-derivative for a functionJ(z), as defined in [I], is given by 
D J(z) = J(z) - J(zq) . 
q (1 - q)z (9) 
Note that 
if J(z) = L f.( n)zn, then DqJ(z) = L In + I zn 
n;>O n q' n;>O (n)q! . (10) 
The generating function for between-set inversions as given in [7, p. 98] will be crucial to 
the main counting argument in Section 3. Let n(C; k) denote the set of ordered partitions 
of an n-element set C of integers defined by 
n(C; k) = {(A, B): # A = k, A u B = C, A n B = 0}. (11) 
If the set of inversions between A and B is defined to be /(A, B) = {(j, m):} E A, m E B, 
} > m}, then 
(n) L qi(A.B)_ (A, B)En(C;k) k q (12) 
where i(A, B) = # /(A, B) and n = # C. Identity (12) is due to MacMahon [9]. 
Finally, the following result of Fiirlinger and Hofbauer [5] will be used in Section 5. The 
polynomial defined by 
n 
C(n + 1; t, x, y) = C(n; lx, x, y) + t L (xy)kC(k; t, x, y) C(n - k; lXk + lyk, x, y), 
k~l 
(13) 
where C(O; t, x, y) = 1, satisfies the functional equation 
-m C( . ) n 
Z = L x I . n; t, x, y ~ 
n;>l(-X Z,X )n(-tyz,y)n (14) 
where (r; s)n = (1 - r)(1 - sr) ... (1 - sn - I r). 
3. THE EULER -CA TALAN IDENTITY 
The generating function for permutations by descents, major index, inversions, and 
patterns will be denoted by 
A(n; t, q, p, u, v) = L td(u)qm(u)pi(U)uU(U)vb(u). (15) 
aESn 
For convenience, let An(t) = A (n; t, q, p, u, v). The main result of this paper is that An(t) 
satisfies the recurrence relationship 
An+l(t) = An(tq) + t ± qkpkUk(n-k) [n] Ak(t)An_k(tqk+l), (16) 
k~l k 
where Ao(t) = I and [k] = (Z)pvu-I' A sketch of the proof of expression (16) follows. 
Let C = {2, 3, ... , n + I} in definition (11) of n( C; k). A permutation (J E Sn + I may 
be uniquely factorized as a product of words 
(J = (y, A) 1 (8, B) (17) 
where (A, B) E n(C; k) for some 0 ~ k ~ n, y E Sk> and 8 E Sn-k' 
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The set of permutations in Sn + , with k = 0 gives rise to the first term on the right-hand 
side of identity (16). This is easily seen by noting that, if k = 0, then # H = n, 
d(a) = d(O), m(a) = m(O) + d(O), i(a) = i(O), a(a) = a(O), and b(a) = b(O). 
The case k, I ~ k ~ n, is somewhat more complicated. First, note that juxtaposing 
(y, A) before 1 contributes a descent to a and adds k to both the major index and the 
inversion number of a. Second, an element (j, m) E J(A, H) contributes an inversion and a 
312 pattern to a since the letter 1 appears between} > m in a. Similarly, the [k(n - k) -
i(A, H)] pairs (j, m) ¢; J(A, H) with} E A and mE H each contribute a 213 pattern to a. 
Third, each descent, inversion, and pattern in y and 0 corresponds respectively to a unique 
descent, inversion, and pattern in a. Finally, a term} in the major index summation for y 
and a term m in the major index of 0 respectively contribute} and (m + k + 1) to the major 
index of a. From factorization (17) and the preceding observations, it follows that 
(a) d(a) 1 + d(y) + d(O), 
(b) m(a) k + m(y) + m(O) + (k + l)d(O), 
(c) i(a) k + i(y) + i(O) + i(A, H), (18) 
(d) a(a) a(y) + a(O) + k(n - k) - i(A, H), 
(e) b(a) b(y) + b(O) + i(A, H). 
To construct all a E Sn+', all possible selections of (A, H) E n(C; k), y E Sk' and 0 E Sn-k 
for 0 ~ k ~ n are needed. This observation and equations (7), (12), (15) and (18) imply 
that the set of permutations a E Sn + , with a (k + 1) = 1, 1 ~ k ~ n, gives rise to the kth 
term in the summation on the right-hand side of (16). 
4. SOME ELEMENTARY COROLLARIES 
Note that if s = 0 then (k)s = 1. It follows immediately from (16) that 
(a) if Hn 
(b) if Cn 
(c) if Dn(P) 
(d) if En(t) 
A(n; 1, 1, 1,0,0) then Hn +, 2Hn for n ~ 1, 
A(n; 1, 1, 1,0, 1) then Cn +, 
A(n; 1, 1, p, 1, 1) then Dn+, (p) = ± pk (n) Dk(p)Dn-k(p), 
k=O k p 
A(n; t, 1, 1, 1, 1) then En+ ,(t) = EAt) + t ± (n) Ek(t)En_k(t), 
k=' k 
(e) if Fn(v) = A(n; 1, 1, 1, 1, v) then Fn+'(v) = ± (n) Fk(v)Fn_k(v), (19) 
k=O k 
v 
where H, = Co = Do(p) = Eo(t) = Fo(v) = 1. 
The first four identities given in (19) are recurrences of known sequences of numbers: 
Recurrence (a) enumerates permutations which avoid both 213 patterns and 312 patterns. 
Simion and Schmidt [12] showed that Hn = 2n-', which is easily obtained from (l9a). 
Identity (b), which counts permutations that avoid 213, is the well-known recurrence 
relationship for the Catalan numbers. Note that A(n; 1, 1, 1, 1,0) satisfies the same 
recurrence. From (c), the fact that Dn(P) = (nV follows immediately. Identity (d) is the 
recurrence for the Eulerian numbers as given in [4, p. 70]. 
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The last recurrence (1ge) enumerates permutations by 312 patterns. This defines a new 
q-analog of n! for which no closed formula is known. Also worth noting is that the 
recurrence for An(1, 1, I, v, I) is equivalent to the one in (1ge). Thus, the 213 and 312 
pattern statistics are identically distributed on Sn. 
5. GENERALIZED CATALAN NUMBERS 
Carlitz and Riordan [3] and Fiirlinger and Hofbauer [5] have studied a number of 
generalizations of the Catalan numbers which arise in connection with various statistics 
defined on a set of words oflength 2n with alphabet {O, l}. It turns out that some of these 
generalizations may be obtained from (16). To see this, let 
(a) C(n; t, q, p) 
(b) K(n; t, q, p) 
A(n; t, q, p, 0, I), 
A(n; t, q, p, 1,0). 
Identity (16) then implies that 
(a) C(n + I; t, q, p) = C(n; tq, q, p) 
n 
+ t L lpk(n-k+I)C(k; t, q,p)C(n - k; tqk+l, q,p), 
k=1 
(b) K(n + I; t, q, p) K(n; tq, q, p) 
(20) 
n 
+ t L qjpj K(j; t, q, p)K(n - j; tqH I, q, p), 
j=1 
where C(O; t, q, p) = K(O; t, q, p) = 1. 
The two classic q-Catalan numbers defined by Carlitz and Riordan [3] may be obtained 
from (20) by setting t = q = I. This leads to 
n L p(k+ l)(n-k)ck(p)Cn_k(p), 
k=O 
n 
(b) Kn+ 1 (p) = L pj ~(p)Kn_j(P)' 
j= 0 
(21) 
whereCn(p) = C(n; I, l,p)andK.(p) = K(n; I, l,p).Also,therecurrencesof(21)may 
be found in [5]: Respectively, see (2.2) and (2.4) of [5]. 
Setting p = I in (20) yields a third generalization of the Catalan numbers which is 
considered in [5]. In this case, (20) implies that 
C(n; t, q, I) = K(n; t, q, 1). (22) 
and the recurrence for C(n; t, q, I) corresponds exactly to the one in (5.4) of[5] with x = t, 
a = q, and b = 1. Furthermore, from (20) with p = I, and (13) and (14) with x = q and 
y = I, it follows that C(n; t, q, I) satisfies the functional equation 
q -m C(n; t, q, 1)z· 
z - L 
- .;>1 (_q-I z; q-I).(I + tz)"' (23) 
For further discussion of generalized Catalan numbers the interested reader is referred to 
[3, 5]. 
Before closing this section, a few remarks are in order. First, the fact that 
(24) 
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which is pointed out in [5] and which may be algebraically derived from the recurrences 
given in (21), has the following simple combinatorial explanation. For (J E Sn, let jj denote 
the reversal of (J, that is, jj = (J(n)(J(n - I) ... (J(I). Clearly, 
(a) (J E Sn has no 312 patterns if and only if jj has no 213 patterns, 
(b) i«(J) = (~) - i(jj), (25) 
which renders (24) obvious. 
As a second remark, examination of (23) and the functional equation 
z = 
L p(n 7. 1)C(n.; 1, 1, p)zn 
n;.1 (-Z,P)2n 
given in [5] leads one to conjecture that C(n; t, q, p) satisfies the equation 
(n - I) (n) 
p 2 q - 2 C(n; t, q, p)zn 
z = L _ I. _ In. • (26) 
n;' I (- q Z, pq M - tzp ,P)n 
Finally, there should be bijections from the word model of [3, 5] to the permutation 
model of this paper which appropriately transform the various statistics. One such bijection 
is briefly described in Section 7. 
6. GENERALIZED EULERIAN NUMBERS 
If E(n; t, q, p) = A(n; t, q, p, 1, 1) then (16) reduces to 
E(n + I; t, q, p) = (1 - t)E(n; tq, q, p) 
+ t ± lpk(n) E(k; t, q,p)E(n - k; tqk+I, q,p) 
k=O k p 
(27) 
where E(O; t, q, p) = I. Recurrence (27) defines the generalized Eulerian numbers whose 
generating function may be found in a number of references (for instance, see [6, 10, 13]). 
As a partial check of (27), the equivalence of the generating function in [13] for 
E(n; t, 1, p) to recurrence (27) with p = 1 may be demonstrated as follows. Let 
E(z) L E(n; t, 1, p)zn 
n;'O (n)p! (28) 
Identities (27) and (28) imply that 
DpE(z) = (1 - t) E(z) + tE(z) E(zp). (29) 
Using a p-analog of the quotient rule for derivatives, it may be verified that the function 
F(z) defined by 
F(z) = (1 - t) ep [(1 - t)z] 
1 - tep[(1 - t)z] , 
satisfies (29). Thus, E(z) = F(z) which agrees with [13]. 
The verification that (27) is equivalent to the generating function for E(n; t, q, p) 
" E(n; t, q, p)zn = " n TIn [k] 
L.. ( ) , L.. t ep q Z 
n ;. 0 (t; q)n + I n p' n ;. 0 k = 0 
given in [6, 10] is much more involved and is not included. 
(30) 
(31) 
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7. REFEREE'S ADDENDUM 
Besides many other excellent remarks, one of the referees pointed out that a well-known 
bijection [8, vol. 1, pp. 238-239] can be slightly modified so as to give a weight-transforming 
map from the 'Catalan' word model of [3, 5] to the permutation model based on the 
avoidance of 213 patterns (or, if desired, 312 patterns). This modified bijection, described 
in this section, thus provides the combinatorial link between these two models. 
As in [3, 5], let CWn denote the set of Catalan words in the letters {O, 1} of the form 
in which 
(a) n 'l's and n 'O's appear, and 
(b) no initial segment contains more' 1 's than 'O's. 
In analogy with definition (4a), the descent set of WE CWn is defined to be 
Des (w) = {k: 1 ~ k < 2n, Wk > wk+d. 
Furthermore, as in [3, 5], let 
(a) <5(w) 
(b) IX(W) 
# Des (w), 
L # {j ~ k: Wj = O}, 
kEDeS(W) 
(c) 8(w) = # {(i,j): 1 ~ i < j ~ 2n, Wi> Wj}' 





W = 000110110011 E CW6 , (36) 
we have Des (w) = {5, 8}, <5(w) = 2, IX(W) = 7 and 8(w) = 10. 
A lattice path from (0, 0) to (2n, 0) which lies entirely in the first quadrant is inductively 
associated to each WE CWn in the following way: Step one in the path is from (0, 0) to 
(1, 1). Inductively, suppose that the path for the initial word WI w2 ••• wk ofw ends at (i, j). 
Ifwk + 1 = 0 (resp. 1), then extend the path to (i + 1,j + 1) (resp. (i + 1,j - 1». For 
example, the path to be associated with W of (36) is illustrated in Figure 1 in which the 
numbers above and below the segments of the path will be explained later. As noted in [5], 
8(w) is equal to the area between the path associated to wand the one associated to 
00 ... 011 ... 1. 
The desired weight-transforming map r from the set CWn to the set defined by 
CSn = {u E Sn:u has no 213 patterns} (37) 
is encoded by the following labeling of the path corresponding to WE CWn : First, scan-
ning the path from left-to-right, the descending segments are assigned the bold labels 
FIGURE I. 
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{I, 2, ... n}; the first is labeled n, the second (n - 1), and so on. Then, scanning the 
path from right-to-Ieft, the ascending segments are labeled with integers from the set 
{I, 2, ... , n} as the bold labels are erased; the last ascending segment an is labeled i and 
i is erased if i is the first bold label to the right of an, the next-to-Iast ascending segment an _ I 
is labeled j and j is erased if j is the first remaining bold label to the right of an _ I, and so 
on. The permutation r(w) = a is then defined to be the word obtained by juxtaposing the 
lables from left-to-right of the ascending segments. 
As an example of how r works, consider Figure I. The result of erasing the bold 
labels in Figure 1 illustrates how the diagram should look after the ascending segments have 
been labeled. Thus, for the word w of (36), we see that r(w) = 356412. 
It is left as an exercise to show that r is indeed a bijection from CWn to CSn and that if 
r(w) = a, then 
(a) <5(w) = d(a), 
(b) a(w) = m(a), (38) 
(c) O(w) i(a). 
Thus, r explains why the recurrences of C(n; I, 1, p) and C(n; t, q, 1) given in Section 5 
of this paper respectively correspond to (2.2) and (5.4) with x = t, a = q, and b = 1 of [5]. 
8. AUTHOR'S UPDATE 
Recently the author has observed that certain statistics associated with left-to-right and 
right-to-Ieft minimums are also compatible with factorization (17). These additional statis-
tics bring a double 'cycle' type into recurrence (16). The upshot of this is the subject of a 
forthcoming paper entitled 'The ABC's of classical enumeration' which will be submitted 
for publication to Les Annales des Sciences Mathematiques du Quebec. 
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